Coset Vertex Operator Algebras and $\W$-Algebras by Arakawa, Tomoyuki & Jiang, Cuipo
ar
X
iv
:1
70
1.
06
88
0v
1 
 [m
ath
.R
T]
  2
4 J
an
 20
17
COSET VERTEX OPERATOR ALGEBRAS AND W-ALGEBRAS OF
A-TYPE
TOMOYUKI ARAKAWA AND CUIPO JIANG
Abstract. We give an explicit description for the weight three generator of the coset
vertex operator algebra CL
ŝln
(l,0)⊗L
ŝln
(1,0)(Lŝln(l+1, 0)), for n ≥ 2, l ≥ 1. Furthermore,
we prove that the commutant CL
ŝl3
(l,0)⊗L
ŝl3
(1,0)(Lŝl3(l + 1, 0)) is isomorphic to the W-
algebraW−3+ l+3
l+4
(sl3), which confirms the conjecture for the sl3 case that CLĝ(l,0)⊗Lĝ(1,0)(Lĝ(l+
1, 0)) is isomorphic to W−h+ l+h
l+h+1
(g) for simply-laced Lie algebras g with its Coxeter
number h for a positive integer l.
1. Introduction
1.1. Given a vertex operator algebra V and a vertex operator subalgebra U ⊆ V , CV (U)
which is called the commutant of U in V or coset construction, is the subalgebra of V
which commutes with U . The coset vertex algebra construction, initiated in [GKO], was
introduced by Frenkel and Zhu in [FZ]. Coset construction is one of the major ways to
construct new vertex operator algebras from given ones. It is widely believed that the
commutant CV (U) inherits properties from V and U in many ways. In particular it is
expected that CV (U) is rational if both V and U are rational. No general results of this
kind have been known so far. Nevertheless, many interesting examples, especially coset
vertex operator algebras related to affine vertex operator algebras, have been extensively
studied both in the physics and mathematics literature [AP], [ALY1], [ALY2], [BEHHH],
[BFH], [ChL], [CL], [DJX], [DLY], [DLWY], [DW1], [DW2], [GQ], [JL1], [JL2], [LS], [LY],
etc.
Let ĝ and ĥ be the affine Kac-Moody Lie algebras associated to a complex simple Lie
algebra g and its Cartan subalgebra h, respectively. For k ∈ C such that k 6= −h∨,
where h∨ is the dual Coxter number of g, let Lĝ(k, 0) and Lĥ(k, 0) be the associated
simple vertex operator algebras with level k, respectively [FZ], [LL]. The commutant of
the Heisenberg vertex operator algebra L
ĥ
(k, 0) in Lĝ(k, 0), denoted by K(g, k), is the so
called parafermion vertex operator algebra [ZF]. Parafermion vertex operator algebras
have been studied extensively [ALY1]-[ALY2], [CGT], [DLWY], [DLY], [DW1]-[DW2],
[JL1], [LY], etc. Among other things, for a positive integer k, the C2-cofiniteness of
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K(g, k) was established in [ALY1] and [DW2], the generators of K(g, k) were given in
[DW1], and the rationalities of K(sl2, k) and K(slk, 2) were established in [ALY2] and
[JL1]-[JL2], respectively.
Let Lĝ(1, 0) be the simple affine vertex operator algebra associated to the simple Lie
algebra g with level 1. For l ∈ Z≥2, Lĝ(1, 0)
⊗l has a tensor product vertex operator algebra
structure with Lĝ(l, 0) being a vertex operator subalgebra. The commutant of Lĝ(l, 0) in
Lĝ(1, 0)
⊗l is a simple vertex operator subalgebra of Lĝ(1, 0)
⊗l. It was proved in [JL2] and
in [L] independently that CL
ŝln
(1,0)⊗l(Lŝln(l, 0))
∼= K(sll, n) as vertex operator algebras,
presenting a version of level-rank duality. The classification of irreducible modules and
the rationality of CL
ŝl2
(1,0)⊗l(Lŝl2(l, 0)) were established in [JL1]. Then by the level-rank
duality, the parafermion vertex operator algebra K(sll, 2) is rational for any l ∈ Z≥2.
More generally, given a sequence of positive integers ℓ = (l1, · · · ls), the tensor product
vertex operator algebra Lĝ(ℓ, 0) = Lĝ(l1, 0) ⊗ Lĝ(l2, 0) ⊗ · · · ⊗ Lĝ(ls, 0) contains a vertex
operator subalgebra isomorphic to Lĝ(|ℓ|, 0) with |ℓ| = l1 + · · ·+ ls. On the other hand,
the sequence ℓ defines a Levi subalgebra lℓ of sl|ℓ|. Denote by Ll̂ℓ(n, 0) the vertex operator
subalgebra of L
ŝl|ℓ|
(n, 0) generated by lℓ. Set K(sl|ℓ|, lℓ, n) = CL
ŝl|ℓ|
(n,0)(Ll̂ℓ(n, 0)). It was
established in [JL2] that CL
ŝln
(ℓ,0)(Lŝln(|ℓ|, 0))
∼= K(sl|ℓ|, lℓ, n), which is a more general
version of rank-level duality. In particular, we have CL
ŝln
(l,0)⊗L
ŝln
(1,0)(Lŝln(l + 1, 0))
∼=
CL ̂sll+1(n,0)
(L
ŝll
(n, 0)⊗ L
ĥl
(n, 0)).
(The principal) W-algebras are one-parameter families of vertex algebras associated to
simple Lie algebras. First example of aW-algebra was introduced by Zamolodchikov [Za]
in an attempt to classify extended conformal algebras with two generating fields. Since
then there have been several approaches to the construction of W-algebras [BFKNRV],
[FL], [FZa], [Lu], [LF], [BG], [BBSS2], [Bou], [BP], [Mi], [BBSS1], [FFr3], [FFr4].
For k ∈ C, let Vĝ(k, 0) be the universal affine vertex operator algebra associated to the
simple Lie algebra g with level k. The associated (principal) affine W-algebra Wk(g),
which is a vertex algebra, can be realized as the cohomology of the BRST complex of
the quantum Drinfeld-Sokolov reduction [FFr3], [FFr4]. From this point of view, W-
algebras have been studied deeply and extensively, and many remarkable results have
been achieved [BO], [FFR1]-[FFr4], [Fe], [F], [KWa1]-[KWa4], [FKW], [FBZ], [Ar1]-[Ar4],
[AM], etc. Among other things, it was established in [Ar2] that the character of each
irreducible highest weight representation of Wk(g) is completely determined by that of
the corresponding irreducible highest weight representations of the affine Lie algebra ĝ.
The C2-cofiniteness and the rationality of the minimal series principal W-algebras were
established in [Ar4] and [Ar5], respectively.
Recall that [FKW] a rational number k with the denominator u ∈ N is called principal
admissible if
u(k + h∨) ≥ h∨, (u, r∨) = 1,
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where h is the Coxeter number of g, h∨ is the dual Coxeter number of g, and r∨ is the
maximal number of the edges in the Dykin diagram of g. A principal admissible number k
is called non-degenerate if the denominator u is equal or greater than the Coxeter number
h. For a non-degenerate admissible principal number k, denote by Wk(g) the simple
quotient of Wk(g), which are also called minimal series principal W-algebras [FKW],
[Ar4], [Ar5].
One conjecture [FKW], [BS] about minimal series principal W-algebras asserts that
Wk(g) is isomorphic to the commutant CLĝ(p,0)⊗Lĝ(1,0)(Lĝ(p + 1, 0)) of Lĝ(p + 1, 0) in
Lĝ(p, 0)⊗Lĝ(1, 0) for g being simply-laced and k = −h
∨+ p+h
∨
p+h∨+1
, p ∈ Z+. This conjecture
comes partially from the fact that Wk(g) and CLĝ(p,0)⊗Lĝ(1,0)(Lĝ(p + 1, 0) share the same
normalized characters [KWa2], [FKW]. If g = sl2(C), then Wk(g) is the simple Virasoro
vertex operator algebra L(cp, 0), where c(k) = 1−
1
(p+2)(p+3)
. For this case, the conjecture
follows from the Goddard-Kent-Olive construction [GKO]. If g = sln(C)(n ≥ 2) and
p = 1, it was proved in [ALY2] that Wk(g) is isomorphic to the parafermion vertex
operator algebra K(sl2, n), with which the rationality of K(sl2, n) is established. Then
the conjecture in this case follows from the fact that K(sl2, n) ∼= CL
ŝln
(1,0)⊗2(Lŝln(2, 0))
[L], [JL2]. For general l ∈ Z≥1 and n ∈ Z≥2, by the level-rank duality and the reciprocity
law given in [JL2], CL
ŝln
(l,0)⊗L
ŝln
(1,0)(Lŝln(l + 1, 0))
∼= CK(sll+1,n)(K(sll, n)). In this paper,
we first give explicitly a generator of CK(sll+1,n)(K(sll, n)) of weight three. Then we prove
that the conjecture is true for the case that g = sl3(C).
The paper is organized as follows. In Section 2, we briefly review some basics on vertex
operator algebras. In Section 3, we recall some notations and facts about principal affine
W-algebras. In Section 4 we review parafermion vertex operator algebras and the level-
rank duality for tensor power decompositions of rational vertex operator algebras of type
A. In Section 5, we study the coset vertex operator algebra CK(sll+1,n)(K(sll, n)). The
main results of this paper are stated in this part.
2. Preliminaries
In this section, we recall some notations and basic facts on vertex operator algebras
[B], [FLM], [LL], [Z], [DLM1].
Definition 2.1. A vertex operator algebra V = (V, Y, 1, ω) is defined as follows
(1) V =
⊕
n∈Z Vn is a Z-graded vector space over C equipped with a linear map Y :
V → (EndV )[[z, z−1]]
v 7→ Y (v, z) =
∑
n∈Z
vnz
−n−1 (vn ∈ EndV ),
such that dimVn < ∞, Vm = 0 if m << 0, and for any u, v ∈ V , vnu = 0 for sufficiently
large n.
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(2) There exist two distinguished two vectors: the vacuum 1 ∈ V0, and the conformal
vector ω ∈ V2 such that
Y (1, z) = id, limx→0Y (u, x)1 = u,
Y (ω, z) =
∑
n∈Z
L(n)z−n−2,
[L(m), L(n)] = (m− n)L(m+ n) +
m3 −m
12
δm+n,0c.
The complex number c is called the central charge of V . Moreover, L(0) = n on Vn, and
for u ∈ V ,
[L(−1), Y (u, z)] =
d
dz
Y (u, z).
(3) For any u, v ∈ V there exists n ≥ 0 such that
(z1 − z2)
nY (u, z1)Y (v, z2) = (z1 − z2)
nY (v, z2)Y (u, z1).
Definition 2.2. Let (V, 1, ω, Y ) be a vertex operator algebra. A weak V -module is a
vector space M equipped with a linear map
YM : V → End(M)[[z, z
−1]]
v 7→ YM(v, z) =
∑
n∈Z vnz
−n−1, vn ∈ EndM
satisfying the following:
(1) vnw = 0 for n >> 0 where v ∈ V and w ∈M ,
(2) YM(1, z) = idM ,
(3) The Jacobi identity holds:
z−10 δ
(
z1 − z2
z0
)
YM(u, z1)YM(v, z2)− z
−1
0 δ
(
z2 − z1
−z0
)
YM(v, z2)YM(u, z1)
= z−12 δ
(
z1 − z0
z2
)
YM(Y (u, z0)v, z2). (2.1)
Definition 2.3. An admissible V -module is a weak V -module which carries a Z+-grading
M =
⊕
n∈Z+
M(n), such that if v ∈ Vr then vmM(n) ⊆M(n + r −m− 1).
Definition 2.4. An ordinary V -module is a weak V -module which carries a C-grading
M =
⊕
l∈CMl, such that:
1) dim(Ml) <∞,
2) Ml+n = 0 for fixed l and n << 0,
3) L(0)w = lw = wt(w)w for w ∈ Ml, where L(0) is the component operator of
YM(ω, z) =
∑
n∈Z L(n)z
−n−2.
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It is easy to see that an ordinary V -module is an admissible one. If W is an ordinary
V -module, we simply call W a V -module.
We call a vertex operator algebra C2-cofinite if V/C2(V ) is finite-dimensional where
C2(V ) = 〈u−2v|u, v ∈ V 〉 [Z]. A vertex operator algebra is called rational if the admissible
module category is semisimple [Z], [DLM1]. We have the following result from [Z], [DLM1],
and [ABD].
Theorem 2.5. If V is a vertex operator algebra satisfying the C2-cofinite property, V has
only finitely many irreducible admissible modules up to isomorphism. The rationality of
of V also implies the same result.
Let (V, Y, 1, ω) be a vertex operator algebra and (U, Y, 1, ω′) a vertex operator subal-
gebra of V . Set
CV (U) = {v ∈ V |[Y (u, z1), Y (v, z2)] = 0, u ∈ U}.
Recall from [FZ] and [LL] that if
ω′ ∈ U ∩ V2
and
L(1)ω′ = 0,
then
CV (U) = {v ∈ V |umv = 0, u ∈ U,m ≥ 0}
is a vertex operator subalgebra of V with the conformal vector ω − ω′. We shall write
Y (ω′, z) =
∑
n∈Z
L′(n)z−n−2,
where we view the operators L′(n) as acting on V . We have the following result from
[LL].
Proposition 2.6. Let (V, Y, 1, ω) be a vertex operator algebra and (U, Y, 1, ω′) a vertex
operator subalgebra of V . Then
CV (U) = KerV L
′(−1).
3. W-algebras for principle case
In this section, we recall some notations and facts on the W algebras. W-algebras may
be defined in several ways. The definition here was given by using the quantum Drinfeld-
Sokolov reduction [FFR1], [FFr2], [FKW], [KRW], [FBZ], [Ar2]. Throughout this section,
k is a complex number with no restriction unless otherwise stated.
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3.1. Let g be a complex simple Lie algebra of rank l . Let (·|·) be the normalized non-
degenerate bilinear form on g, that is, (·|·) = 1
2h∨
·Killing form, where h∨ is the dual
Coxeter number of g.
Let e be a principal nilpotent element of g so that dim ge = l. By the Jacobson-Morozov
theorem, there exists an sl2-triple {e, f, h0} associated to e satisfying
[h0, e] = 2e, [h0, f ] = −2f, [e, f ] = h0.
Set
gj = {x ∈ g|[h0, x] = 2jx}, for j ∈ Z.
This gives a triangular decomposition
g = n+ ⊕ h⊕ n−,
where
h = g0, n+ =
⊕
j≥1
gj , n− =
⊕
j≥1
g−j .
Denote by ∆+ ⊂ h
∗ the set of positive roots of g and by {α1, · · · , αl} the subset of simple
roots. Let n∗+ be the dual of n+. Define χ¯+ ∈ n
∗
+ by
χ¯+(x) = (f |x), for x ∈ n+.
Then χ¯+ is a character of n+, that is, χ¯+([n+, n+]) = 0. Let ĝ be the non-twisted affine
Lie algebra associated to g (see [K] for details). That is,
ĝ = g⊗ C[t, t−1]⊕ CK ⊕ CD,
with the commutation relations
[X(m), Y (n)] = [X, Y ](m+ n) +mδm+n,0(X|Y )K,
[D,X(m)] = mX(m), [K, g] = 0
for X, Y ∈ g, m,n ∈ Z, where X(n) = X ⊗ tn. The invariant symmetric bilinear form
(·|·) is extended from g to ĝ as follows:
ĥ = h⊕ CK ⊕ CD,
ĝ+ = n+ ⊗ C[t]⊕ (n− ⊕ h)⊗ C[t]t,
ĝ− = n− ⊗ C[t
−1]⊕ (n+ + h)C[t
−1]t−1.
Let
ĥ∗ = h∗ ⊕ CΛ0 ⊕ Cδ
be the dual of ĥ, where Λ0 and δ are the dual elements of K and D, respectively. For
λ ∈ ĥ∗, the number λ(K) is called the level of λ. Let ∆̂ be the set of roots of ĝ, ∆+ the
set of positive roots, and ∆̂− = −∆̂+. Denote by ∆̂
re and ∆̂im the set of real roots and
the set of imaginary roots, respectively. Then
∆̂im = {nδ | n ∈ Z}, ∆̂re+ = {α + nδ,−α +mδ, | α ∈ ∆+, n ∈ Z≥0, m ∈ Z≥1}.
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Let Vĝ(k, 0) be the universal vertex operator algebra associated to g with level k (see [FZ],
[LL], [K] for details). Let Cl be the superalgebra generated by odd generators: ψα(n),
α ∈ ∆, n ∈ Z with the following super Lie relations:
[ψα(m), ψβ(n)]+ = δα+β,0δm+n,0,
for α, β ∈ ∆, m,n ∈ Z. Here ψα is regarded as the element of Cl corresponding to the
root vector eα(n) ∈ ĝα. Let F be the irreducible Cl-module generated by the cycle vector
1 such that
ψα(n)1 = 0, if α + nδ ∈ ∆̂
re
+ .
F is naturally a vertex operator superalgebra with the vacuum vector 1 and the fields
defined by
Y (ψα(−1)1, z) = ψα(z) :=
∑
n∈Z
ψα(n)z
−n−1, for α ∈ ∆+,
Y (ψα(0)1, z) = ψα(z) :=
∑
n∈Z
ψα(n)z
−n, for α ∈ ∆−.
The conformal vector is chosen as ω =
∑
α∈∆+
ψ−α(−1)ψα(−1)1. Let
Ck(g) = Vĝ(k, 0)⊗F
be the tensor product of the vertex operator algebra Vĝ(k, 0) and the vertex superalgebra
F . Then Ck(g) is a vertex algebra. Define vertex operators Q
st
+(z) and ψ+(z) as follows:
Qst+(z) =
∑
n∈Z
Qst+(n)z
−n−1 :=
∑
α∈∆+
eα(z)ψ−α(z)−
1
2
∑
α,β,γ∈∆+
cγα,βψ−α(z)ψ−β(z)ψγ(z),
ψ+(z) =
∑
n∈Z
ψ+(n)z
−n :=
∑
α∈∆+
χ¯+(eα)ψ−α(z),
where χ¯+ is defined as above, and c
γ
α,β is the structure constant of g, that is, for α, β ∈ ∆+,
eα ∈ gα, eβ ∈ gβ,
[eα, eβ] =
∑
γ∈∆+
cγα,βeγ .
As in [Ar2], by abuse notations, we set
Qst+ := Q
st
+(0) =
∑
α∈∆+,n∈Z
eα(−n)ψ−α(n)−
1
2
∑
α,β,γ∈∆+,s+r+m=0
cγα,βψ−α(s)ψ−β(r)ψγ(m),
χ+ := χ+(1) =
∑
α∈∆+
χ¯+(eα)ψ−α(1)
Q+ := Q
st
+ + χ+.
We have the following lemma [FBZ], [Ar2].
Lemma 3.1. (Qst+)
2 = χ2+ = [Q
st
+ , χ+] = 0, Q
2
+ = 0.
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Let F =
⊕
i∈ZF
i be an additional Z-gradation of the vertex algebra F defined by
deg 1 = 0, degψα(n) =
{
1 for α ∈ ∆−
−1 for α ∈ ∆+.
For i ∈ Z, set
C ik(g) = Vĝ(k, 0)⊗ F
i.
This gives a Z-gradation of Ck(g):
Ck(g) =
⊕
i∈Z
C ik(g).
By definition,
Q+ · C
i
k(g) ⊂ C
i+1
k (g).
Then by Lemma 3.1, (Ck(g), Q+) is a BRST complex of vertex algebras in the sense of
Section 3.15 in [Ar2] ( also see [FBZ]). This complex is called the BRST complex of the
quantized Drinfeld-Sokolov (“+“) reduction [FFr4], [FBZ], [Ar2]. The following assertion
was proved by B. Feigin and E. Frenkel [FFr4] for generic k, by J. de Boer and T. Tjin
[dBT] for k in the case that g = sln, and by E. Frenkel and D. Ben-Zvi for the general
case [FBZ].
Theorem 3.2. The cohomology H i(Ck(g)) is zero for all i 6= 0.
Set
Wk(g) := H0(Ck(g)).
Then Wk(g) is a vertex operator algebra. We have the following result from [FBZ].
Theorem 3.3. The vertex operator algebra H0(Ck(g)) is strongly generated by elements
of degrees di + 1, i = 1, 2, · · · , l, where di is the ith exponent of g and l is the rank of g.
Denote by Wk(g) the unique simple quotient of W
k(g) at a non-critical level k. The
following theorem has been proved in [BFM] and [W] in the case that g = sl2(C) and in
[DLTV] in the case that g = sl3(C) and in [Ar4] for the general case.
Theorem 3.4. The simple W-algebra Wk(g) is rational (and C2-cofinite [Ar3]), and the
set of isomorphism classes of minimal series representations of Wk(g) forms the complete
set of the isomorphism classes of simple modules over Wk(g), if k satisfies k + h
∨ = p
q
∈
Q>0, (p, q) = 1 and {
p ≥ h∨, q ≥ h, if (q, r∨) = 1
p ≥ h, q ≥ r∨hL∨g , if (q, r
∨) = r∨,
where Lg is the Langlands dual Lie algebra of g and r
∨ is the maximal number of the edges
in the Dykin diagram of g.
The following conjecture is well known [FKW], [BS], [KWa4].
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Conjecture 3.5. Let g be a simply-laced simple Lie algebra over C and h its Coxeter
number. Then for p ∈ Z such that p ≥ h and k = −h + p+h
p+h+1
,
Wk(g) ∼= CLĝ(p,0)⊗Lĝ(1,0)(Lĝ(p+ 1, 0)).
4. Level-Rank Duality
For k ∈ Z+ and a complex finite-dimensional simple Lie algebra g with normalized non-
degenerate bilinear form, let ĝ be the corresponding affine Lie algebra and Lĝ(k, 0) the
simple vertex operator algebra associated with the integrable highest weight module of ĝ
with level k. Let h be the Cartan subalgebra of g and L
ĥ
(k, 0) the associated Heisenberg
vertex operator subalgebra of Lĝ(k, 0). Let
K(g, k) = {v ∈ Lĝ(k, 0)|[Y (u, z1), Y (v, z2)] = 0, u ∈ Lĥ(k, 0)}.
Then K(g, k) is the so-called parafermion vertex operator algebra (see [BEHHH], [DLY],
etc.).
Let s ∈ Z≥2 and ℓ = (l1, · · · , ls) such that l1, · · · , ls ∈ Z+. Let Lĝ(li, 0) be the simple
vertex operator algebra associated with the integrable highest weight module of ĝ with
level li, i = 1, 2, · · · , s. Then we have the tensor product vertex operator algebra:
V = Lĝ(l1, 0)⊗ Lĝ(l2, 0)⊗ · · · ⊗ Lĝ(ls, 0).
Denote
l = |ℓ| =
s∑
i=1
li.
g can be naturally imbedded into the weight one subspace of V diagonally as follows:
g →֒ V1 ⊆ V
a 7→ a(−1)1⊗ 1⊗ · · · ⊗ 1+ 1⊗ a(−1)1⊗ 1⊗ · · · ⊗ 1+ 1⊗ · · · ⊗ 1⊗ a(−1)1.
It is known that the vertex operator subalgebra U of V generated by g is isomorphic to
the simple vertex operator algebra Lĝ(l, 0) ([FZ], [K], [LL]). Let CV (U) be the commutant
of U in V . We have the following lemma ([JL2]).
Lemma 4.1. CV (U) is a simple vertex operator subalgebra of V .
Denote
s0 = 0, sj = l1 + l2 + · · ·+ lj , 1 ≤ j ≤ m.
For lk ≥ 2, let sllk(C) be the simple Lie subalgebra of sll(C) consisting of matrices
A = (aij)l×l ∈ sll(C) such that
aij = 0
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for all the pairs (i, j) such that at least one of i, j is not in the set {sk−1+1, sk−1+2, · · · , sk}.
Let hℓ be the abelian subalgebra of sll(C) consisting of diagonal matrices A ∈ sll(C) such
that
[A,B] = 0,
for all B ∈ sllk(C) such that lk ≥ 2. Then
[hℓ,
m⊕
k=1,lk≥2
sllk(C)] = 0.
Set
lℓ = hℓ
⊕
(
m⊕
k=1,lk≥2
sllk(C)).
Then lℓ is a Levi subalgebra of sll(C) and hℓ is the center of lℓ which is contained in the
(fixed) Cartan subalgebra of sll. Denote by Ll̂ℓ(n, 0) the vertex operator subalgebra of
L
ŝll
(n, 0) generated by lℓ. It is easy to see that
L
l̂ℓ
(n, 0) ∼=
(
m⊗
k=1,lk≥2
L
ŝllk
(n, 0)
)⊗
L
ĥℓ
(n, 0), (4.1)
where L
ĥℓ
(n, 0) is the Heisenberg vertex operator subalgebra of L
ŝll
(n, 0) generated by hℓ.
We denote
K(sll, lℓ, n) = CL
ŝll
(n,0)(Ll̂ℓ(n, 0)).
The following theorem comes from [JL2].
Theorem 4.2. We have
CL
ŝln
(l1,0)⊗···⊗Lŝln
(lm,0)(Lŝln(l, 0))
∼= K(sll, lℓ, n).
K(sll, lℓ, n) ∼= CL
ŝln
(l1,0)⊗···⊗Lŝln
(ls,0)(Lŝln(l, 0))
∼= CK(sll,n)(K(sll1 , n)⊗ · · · ⊗K(slls , n)).
Remark 4.3. If l1 = · · · = lm = 1, then by Theorem 4.2,
CL
ŝln
(1,0)⊗l(Lŝln(l, 0))
∼= K(sll, n),
which was also established independently by Lam in [L].
5. The commutant of L
ŝln
(l + 1, 0) in L
ŝln
(l, 0)⊗ L
ŝln
(1, 0)
5.1. By the level-rank duality and the reciprocity law, we have
CL
ŝln
(l,0)⊗L
ŝln
(1,0)(Lŝln(l + 1, 0))
∼= CL ̂sll+1(n,0)
(L
ŝll
(n, 0)⊗ L
ĥl
(n, 0))
∼= CK(sll+1,n)(K(sll, n)), (5.1)
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where L
ŝll
(n, 0) is the vertex operator sualgebra of L
ŝll+1
(n, 0) associated to the simple
root system {αi, 1 ≤ i ≤ l−1} and Lĥl(n, 0) is the Heisenberg vertex operator subalgebra
of L
ŝll+1
(n, 0) generated by hl = C(
l∑
i=1
ihαi).
Let {eα, fα, hαi | α ∈ ∆¯+, 1 ≤ i ≤ l} be a Chevalley basis of sll+1(C), and let eα, fα, hα be
a standard basis of the simple Lie algebra sl2(C) associated to α, α ∈ ∆¯+. For α ∈ ∆+,
denote by W α and ωα the weight 3 generator and the Virasoro vector of K(sll+1, n)
associated to α introduced in [DLY], respectively. Then
ωα =
1
2n(n + 2)
[−nhα(−2)1− hα(−1)
21+ 2neα(−1)fα(−1)1],
W α = n2hα(−3)1 + 3nhα(−2)hα(−1)1+ 2hα(−1)
31
−6nhα(−1)eα(−1)fα(−1)1+ 3n
2(eα(−2)fα(−1)1− eα(−1)fα(−2)1).
For α ∈ ∆+, we denote by W
4,α and W 5,α the primary vectors of weight 4 and weight
5 of K(sll+1, n) associated to α introduced in [DLY] respectively. From [DLY], if n = 3,
then both W 4,α and W 5,α are zeros for every α ∈ ∆+, and K(sll+1, n) is generated by
{W α, α ∈ ∆+}.
Denote
V = CK(sll+1,n)(K(sll, n)).
Then V has the conformal vector ω with the central charge cV as follows:
ω =
n+ 2
n+ l + 1
(∑
1≤i≤l
ωαi+···+αl −
∑
1≤i≤j≤l−1
1
(n + l)
ωαi+···+αj
)
,
cV =
l(n− 1)(2n+ l + 1)
(n + l)(n+ l + 1)
.
For α, β ∈ ∆¯, denote by cα,β ∈ C the structure constant. That is,
[eα, eβ] = cα,βeα+β , α, β, α+ β ∈ ∆¯.
It is easy to check that for α, β ∈ ∆¯+ such that α + β ∈ ∆¯+, we have
ωα1W
β
=
1
n + 2
[−3nhβ(−2)hα(−1)− 6hα(−1)hβ(−1)
2 + 6n(hα(−1)− hβ(−1))eβ(−1)fβ(−1)
+6nhβ(−1)(eα+β(−1)fα+β(−1)− eβ(−1)fβ(−1)) + 3n
2(eβ(−2)fβ(−1)− eβ(−1)fβ(−2))
−3n2(eα(−2)fα(−1)− eα(−1)fα(−2) + eα+β(−2)fα+β(−1)− eα+β(−1)fα+β(−2))
+3n2cα,β(fα(−1)eα+β(−1)fβ(−1) + eα(−1)fα+β(−1)eβ(−1))]1
The following lemmas can be checked directly.
Lemma 5.1. For α, β ∈ ∆¯+ such that α + β ∈ ∆¯, we have
ωα1W
α+β = ωα1W
β +
1
n+ 2
(2W α+β +W α − 2W β),
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ωα1W
β + ωβ1W
α =
1
n+ 2
(W α +W β −W α+β).
Lemma 5.2. For 1 ≤ p ≤ l − 1, we have
eαp(0)(
∑
1≤i≤j<l
2(n+ 2)w
αi+···+αj
1 W
αj+1+···+αl −
l∑
i=1
(n+ 4i− 2)W αi+···+αl)
= (2n2 − 12np+ 16)eαp(−3)1+ (−3n
2 + 6np− 12p− 12n− 12)hαp(−1)eαp(−2)1
+(3n2 + 6np)hαp(−2)eαp(−1)1 + (6n+ 12p)hαp(−1)
2eαp(−1)1
−12n
∑
1≤i≤p−1
cαp,αi+···+αp−1hαp(−1)eαi+···+αp(−1)fαi+···+αp−1(−1)1
−12n
∑
1≤i≤p
eαp(−1)eαi+···+αp(−1)fαi+···+αp(−1)1
+12n
∑
1≤i≤p−1
eαp(−1)eαi+···+αp−1(−1)fαi+···+αp−1(−1)1
−24
∑
1≤i≤p−1
hαi+···+αp−1(−1)(eαp(−2)1− hαp(−1)eαp(−1)1).
Lemma 5.3. For 1 ≤ p ≤ l − 1, we have
eαp(0)(
∑
1≤i≤j<q≤l−1
2(n+ 2)w
αi+···+αj
1 W
αj+1+···+αq −
∑
1≤i≤q≤l−1
(n+ 4i− 2)W αi+···+αq)
= (n + l)[(2n2 − 12np+ 16)eαp(−3)1 + (−3n
2 + 6np− 12p− 12n− 12)hαp(−1)eαp(−2)1
+(3n2 + 6np)hαp(−2)eαp(−1)1 + (6n+ 12p)hαp(−1)
2eαp(−1)1
−12n
∑
1≤i≤p−1
cαp,αi+···+αp−1hαp(−1)eαi+···+αp(−1)fαi+···+αp−1(−1)1
−12n
∑
1≤i≤p
eαp(−1)eαi+···+αp(−1)fαi+···+αp(−1)1
+12n
∑
1≤i≤p−1
eαp(−1)eαi+···+αp−1(−1)fαi+···+αp−1(−1)1
−24
∑
1≤i≤p−1
hαi+···+αp−1(−1)(eαp(−2)1− hαp(−1)eαp(−1)1)].
Lemma 5.4. For α, β, γ ∈ ∆+, we have
ωγ2W
α = 0, ωγ2ω
α
1W
β = 0.
Denote
X(0) = 0, X(1) = −(n + 2)W α1,
X(p) = 2(n+ 2)
∑
1≤i≤j<q≤p
ω
αi+···+αj
1 W
αj+1+···+αq −
∑
1≤i≤q≤p
(n + 4i− 2)W αi+···+αq ,
for p ≥ 2. Set
W =
1
n+ l
X(l−1) −
1
n+ l + 1
X(l).
We have the following result.
Theorem 5.5. For l ≥ 1, W is a weight three generator of V = CK(sll+1,n)(K(sll, n)).
Furthermore, W is a primary element.
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Proof. It follows from Lemmas 5.2 and 5.3 that for 1 ≤ p ≤ l − 1,
eαp(0)W = 0. (5.2)
Consider L
ŝll+1
(n, 0) as a module of the simple Lie algebra generated by eαp , fαp, hαp, for
1 ≤ p ≤ l − 1. Then (5.2) implies that W is a highest weight vector. Since hαp(0)W = 0
for 1 ≤ p ≤ l, we have fαp(0)W = 0, 1 ≤ p ≤ l−1. Notice thatW ∈ K(sll+1, n). It follows
that W ∈ CK(sll+1,n)(K(sll, n)). Lemma 5.4 implies that W is a primary element. 
For α ∈ ∆+, from [DLY] we have
Lemma 5.6.
W α5 W
α = 12n3(n− 2)(n− 1)(3n+ 4)1;
W α5 W
α = 36n3(n− 2)(n+ 2)(3n+ 4)ωα;
W α2 W
α = 18n3(n− 2)(n+ 2)(3n+ 4)ωα−21.
The following lemmas can be checked directly.
Lemma 5.7. For α, β ∈ ∆+ such that α 6= ±β
W α5 W
β = 6(α|β)n3(n− 1)(n− 2);
W α2 W
β = 18(α|β)n3(n− 2)(n+ 2)2ωα0ω
β;
W α3 W
β =

−18n3(n− 2)(n+ 2)(ωα + ωβ − ωα+β) if (α|β) = −1,
18n3(n− 2)(n+ 2)(ωα + ωβ − ωα−β) if (α|β) = 1,
0 if(α|β) = 0.
Lemma 5.8. For α, β, γ ∈ ∆+ such that (α|β) = −1, we have
W α3 ω
α
1W
β = 18n3(n− 2)[−(n+ 4)ωβ + (n+ 4)ωα+β − 3(n+ 2)ωα];
W β3 ω
α
1W
β = 18n3(n− 2)[(n+ 4)ωα + 3(3n+ 4)ωβ − (n + 4)ωα+β];
W α+β3 ω
α
1W
β = 18n3(n− 2)(n+ 1)(ωα − ωβ − 3ωα+β);
W γ3 ω
α
1W
β = 18n3(n− 2)(ωα+β−γ + ωβ − ωα+β − ωβ−γ), if (γ|α) = 0, (γ|β) = 1;
W γ3 ω
α
1W
β = 18n3(n− 2)(ωα+β + ωβ+γ − ωα+β+γ − ωβ), if (γ|α) = 0, (γ|β) = −1;
W γ3 ω
α
1W
β = 18n3(n− 2)(ωα + 2ωβ + 3ωγ − ωα+γ − 2ωγ−β), if (γ|α) = −1, (γ|β) = 1;
W γ3 ω
α
1W
β = 0, if (α|γ) = 1, (γ|β) = 0.
By Lemmas 5.6-5.8, we can deduce the following lemma.
Lemma 5.9.
W5W =
6n3l(n− 1)(n− 2)(n+ 2l)(2n + l + 1)(3n+ 2l + 2)
(n + l + 1)(n+ l)
;
W3W = 36n
3(n− 2)(n+ 2l)(3n+ 2l + 2)ω.
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Notice that
W2W = −W2W +
∞∑
j=1
(−1)j+1
j!
L(−1)jWj+2W.
So by Lemma 5.9, we have
W2W ∈ L(cV , 0). (5.3)
For k + n = n+l
n+l+1
, let V˜ = Wk(sln) be the W-algebra associated to sln. Denote by ω˜
its conformal vector. Let W˜ be the weight three primary vector of Wk(sln) such that
(W˜ , W˜ ) = −
6n3l(n− 1)(n− 2)(n+ 2l)(2n+ l + 1)(3n+ 2l + 2)
(n+ l + 1)(n+ l)
. (5.4)
Then by the fusion rules of the Virasoro algebra, we have
W˜3W˜ = 36n
3(n− 2)(n+ 2l)(3n+ 2l + 2)ω˜. (5.5)
Note that cV = cV˜ . So L(cV , 0) = L(cV˜ , 0). We denote c = cV = cV˜ . We may identify the
Virasoro vertex operator subalgebra L(c, 0) in V and V˜ .
In view of (5.1), the character of V has been given in [KWa2]. This coincides with the
character of V˜ that was conjectured in [FKW] and proved in [Ar2]. Therefore we have
the following.
Lemma 5.10. V and V˜ share the same characters.
It is known that Wk(sln) is strongly generated by n − 1 quasi-primary vectors with
weights 2, 3, · · · , n [FBZ]. For n = 3, we have the following lemma.
Lemma 5.11. If n = 3, then WiW ∈ L(c, 0), for i ≥ 0.
Proof. By Lemma 5.9 and (5.3), WiW ∈ L(cV , 0), i ≥ 2. Then by the skew-symmetry, we
only need to show that W1W ∈ L(cV , 0). By Lemma 5.10 and [FBZ] (Chapter 14), for
n = 3, V has no primary vector of weight 4. So we may assume that
W1W = aL(−1)W + u,
for some u ∈ L(c, 0) and a ∈ C. If a 6= 0, then
L(1)(W1W − u) = aL(1)L(−1)W = 6aW. (5.6)
On the other hand, we have
L(1)W1W =
2∑
i=0
(
2
i
)
(ωiW )3−iW = 3W2W ∈ L(c, 0),
contradicting (5.6). We deduce that a = 0, which implies that W1W ∈ L(c, 0). 
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Denote by U the vertex operator subalgebra of V generated by W . Then by Lemma
5.10, for n = 3, U is linearly spanned by
S = {L(−ms) · · ·L(−m1)W−kp · · ·W−k11, kp ≥ · · · ≥ k1 ≥ 1,
n ∈ Z, ms ≥ · · · ≥ m1 ≥ 1, s, p ≥ 0}.
From [FBZ] (Chapter 14), for n = 3, V˜ =Wk(sln) is linearly spanned by
S˜ = {L(−ms) · · ·L(−m1)W˜−kp · · · W˜−k11, kp ≥ · · · ≥ k1 ≥ 1,
n ∈ Z, ms ≥ · · · ≥ m1 ≥ 1, s, p ≥ 0}.
For any
u =
q∑
j=1
bjL(−nj1) · · ·L(−njtj )W−rj1 · · ·W−rjpj1,
where q ≥ 1, tj , pj ≥ 0, nj1, · · · , njtj , rj1, · · · , rjpj ∈ Z+, j = 1, 2, · · · , q, we always denote
u˜ =
q∑
j=1
bjL(−nj1) · · ·L(−njtj )W˜−rj1 · · · W˜−rjpj1.
We have the following lemma.
Lemma 5.12. For m ∈ Z and
u =
q∑
j=1
bjL(−nj1) · · ·L(−njtj )W−rj1 · · ·W−rjpj1,
where q ≥ 1, tj, pj ≥ 0, nj1, · · · , njtj , rj1, · · · , rjpj ∈ Z+, j = 1, 2, · · · , q, if
Wmu = v
is a linear combination of vectors from S, then
W˜mu˜ = v˜.
Proof. We may assume that u is homogeneous. We prove the lemma by induction on
the weight of u. If wtu ≤ 3, the lemma is true by the fact that (W,W ) = (W˜ , W˜ )
and the fusion rules of the Virasoro algebra L(c, 0). Suppose that the lemma holds for
homogeneous u such that wtu ≤ N . We now assume that wtu = N . For each monomial
uj = L(−nj1) · · ·L(−njtj )W−rj1 · · ·W−rjpj1, let Wmuj = vj be a linear combination of
elements in S. It is obvious that we may assume that tj = 0. If m ≤ −rj1, then we have
W˜mu˜j = v˜j . If m > −rj1, we have
Wmuj =WmW−rj1 · · ·W−rjpj1
=
∞∑
s=0
(
m
s
)
(WsW )m−rj1−sW−rj2 · · ·W−rjpj1+W−rj1WmW−rj2 · · ·W−rjpj1
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W˜muj = W˜mW˜−rj1 · · · W˜−rjpj1
=
∞∑
s=0
(
m
s
)
(W˜sW˜ )m−rj1−sW˜−rj2 · · · W˜−rjpj1+ W˜−rj1W˜mW˜−rj2 · · · W˜−rjpj1
Then the lemma follows from Lemma 5.11 and the inductive assumption. 
Lemma 5.13. Suppose that n = 3. For any q ≥ 1, tj , pj ≥ 0, nj1, · · · , njtj , rj1, · · · , rjpj ∈
Z+, j = 1, 2, · · · , q, if
u =
q∑
j=1
bjL(−nj1) · · ·L(−njtj )W−rj1 · · ·W−rjpj1 = 0
for some bj ∈ C, then
u˜ =
q∑
j=1
bjL(−nj1) · · ·L(−njtj )W˜−rj1 · · · W˜−rjpj1 = 0.
Proof. We may assume that u is a linear combination of homogeneous elements having
same weight. Suppose that u˜ 6= 0. Since Wk(sln) is self-dual and generated by W˜ , there
is W˜r1W˜r2 · · · W˜rq1 ∈ Wk(sln) such that
(u˜, W˜r1W˜r2 · · · W˜rq1) 6= 0. (5.7)
Claim For any kp ≥ · · · ≥ k1 ≥ 1, q1, q2, · · · , qt ∈ Z, ms ≥ · · · ≥ m1 ≥ 1, p, t ≥ 0,
(L(−ms) · · ·L(−m1)W−kp · · ·W−k11,Wq1Wq2 · · ·Wqt1)
= (L(−ms) · · ·L(−m1)W˜−kp · · · W˜−k11, W˜q1W˜q2 · · · W˜qt1). (5.8)
We may assume that
wt(L(−ms) · · ·L(−m1)W˜−kp · · · W˜−k11) = wt(W˜q1W˜q2 · · · W˜qt1).
We prove (5.8) by induction on wt(L(−ms) · · ·L(−m1)W˜−kp · · · W˜−k11). By Lemma 5.9
and (5.4), (5.8) holds if wt(L(−ms) · · ·L(−m1)W˜−kp · · · W˜−k11) ≤ 3. Now assume that
the claim holds for wt(L(−ms) · · ·L(−m1)W˜−kp · · · W˜−k11) < N . Then by Lemma 5.11
and the inductive assumption, the claim holds for L(−ms) · · ·L(−m1)W˜−kp · · · W˜−k11 such
that wt(L(−ms) · · ·L(−m1)W˜−kp · · · W˜−k11) = N .
By the claim and (5.7), we have
(u,Wq1Wq2 · · ·Wqt1) 6= 0,
which contradicts the assumption that u = 0. 
Theorem 5.14. For n = 3 and k = −n+ n+l
n+l+1
, we have CK(sll+1,n)(K(sll, n))
∼=Wk(sln).
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Proof. Define ϕ : U → V˜ as follows: for any
u =
q∑
j=1
bjL(−nj1) · · ·L(−njtj )W−rj1 · · ·W−rjpj1,
where q ≥ 1, tj , pj ≥ 0, nj1, · · · , njtj , rj1, · · · , rjpj ∈ Z+, j = 1, 2, · · · , q,
ϕ(u) = u˜ =
q∑
j=1
bjL(−nj1) · · ·L(−njtj )W˜−rj1 · · · W˜−rjpj1.
By Lemma 5.13 and Lemma 5.11, ϕ ia a surjective vertex operator algebra homomorphism
from U to V˜ . Since U ⊆ V , and V and V˜ share the same character, we deduce that U = V
and ϕ is an isomorphism. 
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ŝl2
(1, 0)⊗n,
Adv. Math. 301 (2016), 227-257.
[JL2] C. Jiang and Z. Lin, Tensor Decomposition, Parafermions, Level-Rank Duality, and Reci-
procity Law for Vertex Operator Algebras, arXiv: 1406.4191
[K] V. G. Kac, Infinite-dimensional Lie Algebras, 3rd ed., Cambridge Univ. Press, Cambridge,
1990.
[KR] V. G. Kac and A. Raina, Highest Weight Representations of Infinite Dimensional Lie Algebras,
World Scientific, Adv. Ser. In Math. Phys., Singapore, 1987.
[KRW] V. G. Kac, Shi-Shyr Roan, and M. Wakimoto. Quantum reduction for affine superalgebras.
Comm. Math. Phys., 241(2-3) (2003), 307-342.
[KWa1] V. G. Kac, M. Wakimoto, Classification of modular invariant representations of affine algebras,
in: Adv. Ser. Math. Phys. vol. 7, Singapore: World Scientific 1989, 138 177..
[KWa2] V. Kac and M. Wakimoto, Branching functions for winding subalgebras and tensor products,
Acta Applicandae Math., 21 (1990), 3-39.
[KWa3] V.G. Kac and M. Wakimoto, Quantum reduction and representation theory of super- confor-
mal algebras, Adv. Math. 185 (2004), 400-458. Corrigendum, Adv. Math. 193 (2005), 453-455.
[KWa4] V. Kac and M. Wakimoto. On rationality of W-algebras. Transform. Groups, 13(3-4) (2008),
671–713.
[KW] V. Kac and W. Wang, Vertex operator superalgebras and their representations, Contemp.
Math. Amer. Math. Soc., 175 (1994), 161-191.
[KLY] M. Kitazume, C. Lam and H. Yamada, Decomposition of the moonshine vertex operator
algebra as Virasoro modules, J. Alg. 226 (2000), 893-919.
[KMY] M. Kitazume, M. Miyamoto and H. Yamada, Ternary codes and vertex operator algebras, J.
Alg. 223 (2000), 379-395.
20 TOMOYUKI ARAKAWA AND CUIPO JIANG
[Ku] S. Kudla, Seesaw dial reductive pairs, Automorphic forms of several variables (1984), 244-268.
[L] C. Lam, A level rank duality for parafermion vertex operator algebras of type A, Proc. Amer.
Math. Soc. (2014),
[LS] C. Lam and S. Sakuma, On a class of vertex operator algebras having a faithful Sn+1-action,
Taiwanese J. of Math., 12 (2008), 2465-2488.
[LY] C. Lam and H. Yamada, Decomposition of the lattice vertex operator algebra V√2Al , J. Alg.
272 (2004), 614-624.
[LZ] G. Lehrer, R. Zhang, The second fundamental theorem of invariant theory for the orthogonal
group. Ann. Math. (2) 176 (2012), no. 3, 2031-2054.
[LL] J. Lepowsky and H. Li, Introduction to Vertex Operator Algebras and Their Representations,
Progress in Mathematics, Vol. 227, Birkha¨user Boston, Inc., Boston, MA, 2004.
[Li] H. Li, Some finiteness properties of regular vertex operator algebras, J. Alg. 212 (1999),
495-514.
[Lu] S. L. Lukyanov, Quantization of the Gelfand-Dikii algebra. Funct. Anal. Appl. 22:4, 1-10
(1988)
[LF] S. L. Lukyanov, V. A. Fateev, Conformally invariant models of two-dimensional quantum field
theory with Zn-symmetry, Soviet Phys. JETP 67(3) (1988), 447–454.
[MO] A. Marian and D. Oprea, The level-rank duality for non-abelian theta functions. Invent. Math.
168 (2007), no. 2, 225–247.
[MNT] A. Matsuo, K. Nagatomo and A. Tsuchiya, Quasi-finite algebras graded by Hamiltonian and
vertex operator algebras, math. QA/0505071.
[Mi] J. Thierry-Mieg, Generalizations of the Sugawara construction. Proceedings of Cargese Sum-
mer School, 1987.
[M] M. Miyamoto, Representation theory of code vertex operator algebra, J. Algebra 201 (1998),
115–150.
[MT] M. Miyamoto and K. Tanabe, Uniform product of Ag,n(V ) for an orbifold model V and
G-twisted Zhu algebra, J. Alg. 274 (2004), 80-96.
[Mu] S. Mukhopadhyay, Rank-level duality and the conformal block divisors, arXiv:1308.0854v1
[NS] S. G. Naculich,and H. J. Schnitzer, Level-rank duality of the U(N) WZWmodel, Chern-Simons
theory, and 2d qYM theory, J. High Energy Phys. 06 023 (2007), 18 pp. (electronic).
[OS] V. Ostrik and M. Sun, Level-rank duality via tensor categories, arXiv:1208.5131v2, May 23,
2013.
[W] W. Wang, Rationality of Virasoro vertex operator algebras, Internat. Math. Res. Notices, 7
(1993), 197-211.
[We] H. Weyl, The classical groups. Their invariants and representations. Fifteenth printing.
Princeton Landmarks in Mathematics. Princeton University Press, Princeton, NJ, 1997.
[X1] F. Xu, Algebraic coset conformal field theories II, Publ. Res. Inst. Math. Sci. 35 (1999),
795-824.
[X2] F. Xu, Algebraic coset conformal field theories, Commnu. Math. Phys. 211 (2000), 1-43.
[Za] A.B. Zamolodchikov, Infinite additional symmetries in 2-dimensional conformal quantum field
theory, Theor. Mat. Phys. 65 (1985), 1205-1213.
[ZF] A. B. Zamolodchikov and V. A. Fateev, Nonlocal (parafermion) currents in two-dimensional
conformal quantum field theory and self-dual critical points in ZN-symmetric statistical sys-
tems, Sov. Phys. JETP 62 (1985), 215-225.
[Z] Y. Zhu, Modular invariance of characters of vertex operator algebras, J. Amer, Math. Soc. 9
(1996), 237-302.
COSET VERTEX OPERATOR ALGEBRAS AND W-ALGEBRAS 21
(Arakawa) Research Institute for Mathematical Sciences, Kyoto University, Kyoto,
606-8502, Japan
E-mail address : arakawa@kurims.kyoto-u.ac.jp
(Jiang) School of Mathematical Sciences, Shanghai Jiao Tong University, Shanghai,
200240, China
E-mail address : cpjiang@sjtu.edu.cn
